
Mathematics and Statistics Awareness Month Problems

Open level Problems

D1. Show that the set of functions, f(x), that are positive and continuous on [1,∞) and

that satisfy

1 = f(1) =

∫
∞

1

f(x) dx

is uncountable. (Note that g(x) := 1/x2 and h(x) := e−(x−1) are two such functions.)

D2. Evaluate the following integral

∫ 1

0

ln(1 + x)

x
dx .

D3. Find all real polynomials P having the property that P (x− 1)P (x) = P (x2) for all x.

D4. Given a, b, c, d ∈ [0, 1] with the property that no two of a, b, c, d are equal to zero.

Prove that:
1

a2 + b2
+

1

b2 + c2
+

1

c2 + d2
+

1

d2 + a2
≥ 8

3 + abcd
.

D5. Find all prime numbers (p, q) which satisfy the equation

qp+q + pp(p+ q)p = (p2 + q)q .

D6. This problem has two (related) parts.

a) Consider a set of five numbers x1 < x2 < x3 < x4 < x5, with the property that

there are only seven distinct values among the ten sums xi + xj with i 6= j. Prove that

x1, x2, x3, x4, x5 form an arithmetic progression.

b) Consider a set of five numbers 0 < y1 < y2 < y3 < y4 < y5, with the property that

there are only seven distinct values among the ten products yiyj with i 6= j. Prove that

y1, y2, y3, y4, y5 form a geometric progression.
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D7. In the figure below: The smaller circle is centered on the larger circle halfway between

the endpoints of the chord BC of the larger circle. The smaller circle is tangent to the chord

BC. Prove that the line through the upper endpoint of the chord BC which is tangent to

the smaller circle is also tangent to the larger circle.

D8. A spherical planet has a radius of 6400 kilometers. A rope that is one centimeter

longer than the circumference of the planet is stretched tight as shown, so that the length

of DB equals that of DC. How high is the point D above the surface of the planet?
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D9. It is known that each of four people A, B, C, and D tells the truth in a given instance

with probability 1/2. Suppose that A makes a statement, and then D says that C says

that B says that A was telling the truth. What is the probability that A was actually

telling the truth?

D10. Show that the series
∞∑

n=2

(−1)n√
n(lnn)t

converges conditionally, but not absolutely, for all real t.
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